Abstract. We consider the one-parameter family of hypersurfaces in P 5 with projective equation
Introduction
In [7] , Harris, Shepherd-Barron and Taylor prove a potential modularity theorem, showing that certain Galois representations become automorphic after a sufficiently large totally-real base change. In their argument, a key role is played by certain families of hypersurfaces, called Dwork families-in particular, by the part of the cohomology of the family which is invariant under a certain group action. (We will write F for motive given by this part of the cohomology.) The importance of F to their argument is reflected in the statement of the theorem they prove: in order to prove an l-adic Galois representation r potentially modular using their their theorem one requires, among other conditions, that the restriction of the residual representation of r to inertia at primes above l be isomorphic to the restriction of the residual representation of some element of the family F.
They give two applications in their paper. On the one hand, through considerable ingenuity (and the fact that the Dwork family includes the Fermat hypersurface, whose cohomology restricted to inertia is easy to analyze) they are able to deduce that the odd symmetric powers of the cohomology of an elliptic curve over Q are modular, and (through further ingenuity) to deduce the Sato-Tate conjecture. On the other hand, the form of the condition on the inertial representation makes it very inviting to apply their modularity theorem to F itself. It turns out to be fairly immediate that the other conditions of the potential modularity theorem are satisfied, and one can deduce the modularity of F and hence the meromorphic continuation and functional equation of the zeta function of this part of the cohomology of the Dwork family. A very natural question which then presents itself is the following: is it possible to gain enough control of the other parts of the cohomology of the Dwork family that one can prove meromorphic continuation for the whole zeta function? In this paper, I answer this question in the affirmative for N = 5, and also make some remarks on why further generalization of these methods is likely to be hard absent very significant advances in the technology of lifting theorems. In the analysis here, a key role is played by work of Katz, whose paper [10] describes the relative cohomology sheaf of the Dwork family over the base, and its decomposition under the group action alluded to above, in very great detail.
Dwork families discussed in detail
In order to discuss these ideas more precisely, we must first describe Dwork families. (My notation for these families broadly follows Katz's paper [10] , with N in place of his n, and is not directly comparable with the notation of [7] .) Let N be a positive integer. Fix a base ring R 0 = Z[ 1 N , µ N ], where µ N denotes the N th roots of unity. It is worth stressing this point: for the majority of this paper, we are working over Q(µ 5 ) and all Galois representations are representations of subgroups of G Q(µ5) . We will eventually return to working over Q, but when we do so, this will be made explicit. We consider the scheme Y :
over R 0 defined by the equations
. . X N (using (X 1 : · · · : X N ) and (s : t) as coordinates on P N −1 and P 1 respectively. We consider Y as a family of schemes over P 1 by projection to the second factor. We will label points on this P 1 using the affine coordinate λ = t/s, and will write Y λ for the fiber of Y above λ. From now on (apart from some remarks in the conclusion) we will be concerned exclusively with the case N = 5.
The family Y is smooth over the open set U = Spec R 0 [
away from the roots of unity. We are interested in the sheaf of relative cohomology of the family Y above the set U . Let l be a prime number which splits in Q(µ n ).
1 Let T 0 = U [1/l], and form lisse sheaves
on T 0 . As a family of hypersurfaces, much of the cohomology of the Y λ is controlled by the hard Lefshetz theorem: for i = N − 2 = 3, we have
The contribution to the zeta function from the charactersQ l (−j) is of course well understood. Thus in order to prove the functional equation for the zeta function of the whole variety, it suffices to control the zeta function of F 3 l . We will refer to the sheaf F 3 l as Prim 3 l from now on. As discussed in the introduction, there is a natural group action on Prim 3 l , allowing us to break down the cohomology into simpler pieces. Let us now introduce this group action. We will write Γ for 1 I believe that this assumption could, strictly speaking, be dispensed with. However, we will only ever need the theory we are about to develop for one particular choice of l, and we will always be able to make this choice such that l splits in Q(µ 5 ). Therefore, I have chosen to make this assumption, since it simplifies the argument. In particular, it means that the sheaves Prim l which we define later will have coefficient ring Q l , rather than an extension field.
(µ 5 )
5 , the 5-fold product of the group of roots of unity, and Γ W for the subgroup of elements (ζ 1 , . . . ζ 5 ) with
The image of µ 5 embedded diagonally in Γ lies in Γ W and acts trivially under this action. We will write ∆ for this image.
In [7] , the authors focus their attention on the invariants under this group action, a sheaf they refer to as V . They prove the following theorem:
Theorem 1 (Theorem 4.4 of [7] ). Suppose that t ∈ Q − Z [1/5] . Then the function L(V t , s) is defined and has meromorphic continuation to the whole complex plane, satisfying the functional equation
As I have said, our aim in this paper is to analyse the remaining parts of the cohomology and so establish the functional equation for the zeta function of the variety as a whole. As a first step to doing so, let us consider what other parts there actually are.
The pieces of the cohomology
The character group of Γ is (Z/5Z) 5 ; that of Γ W is (Z/5Z) 5 / W where we write W for the element (1, 1, . . . , 1); and the character group of Γ W /∆ is (Z/5Z) The obvious action of S 5 on (Z/5Z) 5 preserves (Z/5Z) 5 0 and W , and hence induces an action of S 5 on (Z/5Z) 5 0 / W . Note that, if we permute the (v i ) in this manner, the resulting sheaf Prim l,v is isomorphic to the original (the isomorphism being induced from the map on Y which permutes the X i according to the same permutation). Thus to show that all the sheaves Prim l,v are automorphic it will suffice to consider a set of vs which represent all the orbits of (Z/5Z) Proof. We start with an arbitrary element v of (Z/5Z) The lemma then tells us that the dimension of Prim l can be computed as the number of elements of this set which are totally nonzero; that is, contain no 0s. There are two of these. Then, the Hodge-Tate numbers are computed by taking the degrees of the totally nonzero representatives above, where the degree of an element (v 1 , . . . , v n ) ∈ (Z/5Z) 5 0 is iṽ i , and where (in turn) for each i,ṽ i is the integer representing v i in the range 0 to 4. Then the multi-set of these degrees is the multiset of Hodge-Tate numbers, with each element increased by 1. In our case, the HT numbers are therefore { Now, when we change our choice of embedding, the effect is to relabel the various pieces of the cohomology, by multiplying their labels v by an element of (Z/5Z) × . It is easy to see, by inspection of the table above, that such relabeling sends an eigenspace to another eigenspace where the calculated Hodge-Tate numbers from the algorithm are the same. Whence we are done.
Before we go any further, we will need a little lemma Proof. We first note that the monodromy of Prim l is Zariski dense in SL 2 (Prim l ), using lemma 10.3 of [10] , and remembering that Sp 2 = SL 2 . We can then deduce the result using theorem 7.5 and lemma 8.4 of [12] or theorem 5.1 of [13] .
Next, we analyze the two dimensional pieces. We shall write Prim * ,v to mean the motive whose l adic realizations are the Prim l,v s as l varies. The argument in the following proposition draws heavily on [7] , theorem 3.3. 
where we write v * for {5 − k|k ∈ v}.
Before we proceed to the proof, let us briefly remind ourselves of the significance of the words 'is defined' in the statement of the theorem. The point is that, for each prime p, we wish to construct a local L factor L p , and we do so by looking at our motive's l-adic cohomology Prim l,v,t for some l = p. Given an embeddingQ ֒→Q l , we can associate a Weil-Deligne representation WD(Prim l,v,t | Gal (Qp/Qp) ) F−ss to this l-adic cohomology at p, and to this, in turn, we can associate an L factor. To get an unambiguous L factor, we must insist that the Weil-Deligne representation (and hence the L factor) do not depend on the choices we made: that is, the choice of l and of an embeddingQ ֒→Q l . Thus the statement 'L(Prim * ,v,t , s) is defined' is saying that for every p, the local Weil-Deligne representation at p constructed in this way is independent of these choices.
Proof. We first choose q to be a rational prime dividing the denominator of t, so that v q (t) < 0 and q | 10.
Step 1: The goal of this step is to choose certain primes l, l ′ which will be instrumental to the argument. In order to be in a position do this we must first analyze the Zariski closure of the image of Gal (Q/Q(µ 5 )) in the group GL(Prim l,v,t ) of automorphisms of the Q l vector space Prim l,v,t . We will write G l for this image and G 0 l for the connected component of the identity in it. By lemma 10.1 of [10] . the local monodromy of Prim l,v,t at ∞ is unipotent with a single Jordan block. (Condition 4 of the equivalent conditions there may be verified by direct inspection of each case in the table.) By the argument used to establish lemma 1.15 of [7] , and recalling that v q (t) < 0, we conclude that inertia at q acts via a maximal unipotent. Thus G l 0 contains such a maximal unipotent, and hence, by proposition 3 of [14] , acts irreducibly.
Moreover, the determinant map to G m is dominating. To see this, note that Poincaré duality furnishes us with a perfect pairing between Prim l,v,t and Prim l,v * ,t towards Q(−3
Thus by theorem 9.10 of [8] , we may conclude that
The main theorem of [11] tells us that the set of primes l for which we fail to have
has Dirichlet density 0; and thus the set of primes for which we have eq (4) and for which l splits in Q(µ 10 ) has positive density. We may therefore choose l to be such a prime, and in addition insist that
We choose l ′ to be a distinct rational prime enjoying the same list of properties. Note that equation 4 will ensure that the image of Gal (Q/Q(ζ l )) in GL(Prim[l] t ) is big via (say) lemma 2.5.5 of [3] , and the simplicity of PSL 2 (F l ) will ensure that
Step 2. Our next step in the proof is to establish that there exists a CM field F 1 /Q(µ 10 ) and a t ′ ∈ T (F 1 ) such that we have
First, pick a point t ′′ ∈ Q(µ 10 ) + such that:
As in [7] , the existence of such a t ′′ relies on the form of Hilbert irreducibility with weak approximation; see [5] . We may achieve the second condition by taking t ′′ to be l ′ -adically close to zero, since Now, we follow the argument of the proof of proposition 6 of [2] , with the setup as follows: q j being the primes above q,
We also take N = 5 (note that the original theorem required N even; this will necessitate some minor changes as we follow the proof):
• We do not need to select a character φ using the slightly involved argument there, since for us, the smallest Hodge-Tate number h(σ) at an embedding σ : F → Q l is always the same (viz, 1), as we saw above. Thus we can interpret twists '( h)' to mean simply the Tate twist '(1)'.
• We go through the first part of the argument in exactly the same way, choosing the points f qj , and the charactersχ i . The analog of equation (3) still holds.
• We then study the determinant det Prim. All is as in [2] , except that from the fact that ψ 1 maps into the image of geometric monodromy, we can deduce that it is trivial (rather than having image ±1, as in [2] ), since we saw above that geometric monodromy was, for our N = 5 family, trivial. • We then set up the functor T W requiring that det ξ agrees with η, rather than (det ξ) ⊗2 .
• In the application of Moret-Bailly, we will no longer insist that the primes above q not split; thus we modify part (2) of the numbered list by taking Ω qj as a subset of the points of T W over the algebraic closure of F + ; then the fact that these sets are nonempty becomes trivial.
• Then, in part (1) of the numbered list in the proof in [2] , we have that the set of automorphisms which preserve this fixed isomorphism between determinants is SL(Z/M Z); we saw that the monodromy would be dense in this, since l, l ′ > D.
• Finally, in part (3) of the numbered list, we see that the sets Ω w are nonempty by observing that those above l contain points above t and those above l ′ contain points above t ′′ .
We then get that there is a CM field F 1 /Q(µ 10 ) and a t ′ ∈ T (F 1 ) satisfying the conditions 5-8 above. (For the second condition, that Step 3. Now, I claim that there exists a CM field F/F 1 /Q(µ 10 ) such that Prim l ′ ,v,t ′ (1)| Gal (Q/F ) is automorphic, by appeal to theorem 1 of [2] , taking L = ∅, M = 6, and r = Prim l,v,t ′ (1). Before we begin, a certain remark is in order. Theorem 1 of [2] relies on certain modularity lifting theorems from [3] , and [2] was written based on a preprint of [3] . During the refereeing process, the results used from [3] were strengthened; as noted at the end of the introduction to [2] , this allows the conditions that (#k(v q )) j ≡ 1 mod l for certain j and the condition that r| Gal (Fv q /Fv q ) is unramified to be eliminated from theorem 1 of [2] .
Let us verify the conditions of this theorem in turn. We begin with the unnumbered conditions at the beginning
• l splits in µ 10 ; this is true by choice of l.
• q | 10; this is true by choice of q.
and then we address the numbered conditions
l . For the same reason as eq 3 above, we have that. Prim
whence we have what we want as r = Prim
We saw above that det Prim = ǫ 3 l , and we are done since r is the appropriate twist of Prim (3) r ramifies only at finitely many primes. This is trivial, being true for all Galois representations which come from geometry. (4) Letr denote the semisimplification of the reduction of r, and r ′ denote the extension of r to a continuous homomorphism Gal (F /F + ) → G n (Q l ) as described in section 1 of [3] ; thenr Frobenius eigenvalues 1, (#k(v q )), . . . , (#k(v q )) n−1 . The fact that the residual representation is unramified is no longer necessary, as mentioned above. By lemma 10.1 of [10] . the local monodromy of Prim l,v,t ′ at ∞ is unipotent with a single Jordan block. By the argument used to establish lemma 1.15 of [7] , and recalling that v q (t ′ ) < 0, we conclude that inertia at q acts via a maximal unipotent and that the Frobenius eigenvalues are of the form required.
Having got that Prim l ′ ,v,t ′ (1)| Gal (Q/F ) is also automorphic, we deduce Prim l,v,t ′ (1)| Gal (Q/F ) is automorphic since Y t ′ has good reduction at l, since we chose t ′ such that v w ((t ′ ) 5 − 1) = 0 for w over l. Whence also Prim l,v,t ′ (1)| Gal (Q/F ) is automorphic.
Step 4. Next, I claim that Prim l,v,t | Gal (Q/F ) is automorphic, by appeal to theorem 4.3.4 of [3] . Let us verify the conditions of this theorem in turn:
. As for the corresponding condition of theorem 1 of [2] . (2) r ramifies only at finitely many primes. Again, this is trivial. (3) r is crystalline. As for the corresponding condition of theorem 1 of [2] . (4) Hodge-Tate numbers of r. As for the corresponding condition of theorem 1 of [2] . (5) r is discrete series somewhere. We had above (in step 2) that inertia at q acts via a maximal unipotent, which suffices. (6)F ker adr does not contain F (ζ l ). True by the remarks immediately before step 2. Step 5 We now use the following rather standard argument to deduce the functional equation of the L function from the potential automorphy which we have just derived. As a virtual representation of Gal F/Q, we use Brower's theorem to
where the F j are intermediate fields between F and Q with Gal (F/F j ) soluble, the a j ∈ Z, and where for each j, χ j : Gal (F/F j ) → C × is an isomorphism. By solvable base change, since Prim l,v,t | Gal (Q/F ) is automorphic, so is Prim l,v,t | Gal (Q/Fj ) for each j; that is, we can find a RAESDC representation π j of weight 0 and type {Sp n (1)} {v|q} such that for any rational prime l * and isomorphism ι :
We deduce, using theorem 3.2 and lemma 1.3(2) of [16] , that the L function of Prim * ,v,t is defined and that
which gives the result, since each of the multiplicands on the right hand side obey the expected functional equation, whence the left hand side does too.
We can now put together what we know so far and control the overall L function of the Prim Proof. Proposition 2 gives us a list of pieces whose L functions we must control. We may control Prim As we have set things up, the sheaf Prim 3 l has base defined over Q(µ 5 ); but it could also have been defined over Q (unlike the various pieces Prim l,v , most of which are not defined over Q-we have that Gal (Q(µ 5 )/Q) intermixes the various pieces). From now on, we will consider Prim Proof. By steps 1-4 of the proof of proposition 5, there are fields
is automorphic for each v in the table given in proposition 3; by the proof of theorem 1 given in [7] the same is true for v = (0, 0, 0, 0, 0), and by proposition 2, the symmetry of the situation allows us to deduce this for all other v. Taking F as the compositum of all these fields, the whole sheaf Prim l,t becomes automorphic when restricted to G F .
We can then use the argument of step 5 of the proof of proposition 5 with Prim * ,t taking the place of Prim * ,v,t to deduce the expected functional equation for L(Prim 3 * ,t , s) and thus meromorphic continuation. Proof. By the remarks preceding theorem 1, the remaining parts of the cohomology are well understood using the hard Lefshetz theorem.
Concluding remarks
We have seen that the zeta function of the hypersurface with projective equation
has a meromorphic continuation and satisfies the expected functional equation. It is perhaps natural to wonder whether the techniques used might generalise to more general hypersurfaces of a similar type. For instance, the paper [7] shows that the Γ W /∆ invariants in the cohomology of the variety:
will be automorphic for all odd N , so we might wonder whether the result of this paper can be generalised to other N s. The paper [10] works in an even more general context, replacing the monomial X 1 X 2 . . . X N on the RHS of the defining equation with an arbitrary monomial of the required degree, so one might also ask if there are any cases of that form to which we might try to generalise the result of this paper. I feel that a few remarks on these cases may be useful to the reader.
4.1.
Smaller N s in equation 9. It is worth beginning by noting that the cases N = 1, 2 are trivial, and the case N = 3 is also uninteresting since then equation 9 describes a family of elliptic curves, and the zeta function is already understood. Thus the only interesting case with smaller N is N = 4. At first sight, it might seem difficult to analyse this case using the methods of this paper, since the result [7] of Harris, Shepherd-Barron and Taylor which gives the automorphicity of Prim l,[(0,...,0)] requires N to be odd. But the forthcoming paper [1] generalises their methods to cover the N = 3 case, and it is then possible to extend the methods of this paper to cover that case, too. In particular, an analysis like that in section 3 of the present paper will reveal that all the pieces of the cohomology apart from Prim l,[(0,0,0,0)] are one-or zero-dimensional, and so trivially automorphic.
I have chosen not to give this argument in full detail, since a very beautiful geometric argument of Elkies and Schütt [6] tells us that, for the N = 4 case, each Dwork hypersurface is isogenous to the Kummer surface of a product E 1 ×E 2 , where E 1 and E 2 are elliptic curves defined over a quadratic extension of Q, conjugate to each other over Q and related by a 2-isogeny.
This allows one to quite directly see the automorphicity required in this case, and it seemed that little would be served by giving the full details of the argument above.
4.2.
Larger N s in equation 9. If we try to extend the methods of this paper to larger values of N , we face the following problem Thus in all cases with N even (recall that we need N even for [7] to apply 2 ) and N ≥ 6, at least one of the pieces of the cohomology of eq 9 will have a repeated Hodge-Tate number. At present, apart from some work in the case of two-dimensional Galois representations, there are no modularity lifting theorems for representations with repeated Hodge-Tate numbers, and hence (since such theorems are a key ingredient in proving the potential modularity theorems such as [15] and [7] on which this paper relies) it seems unlikely that the approach of this paper can be extended to cover such cases.
4.3.
Other RHS monomials in equation 9. Katz studies the more general equation:
where W = (w 1 , . . . , w N ) is a sequence of non-negative integers summing to N . It is natural to ask whether the methods of this paper can be extended to any varieties of this form, beyond the cases already considered. Unfortunately, the answer is no. Let us imagine how an analysis based on the same techniques as those used above would go. As before, the main challenge would be to analyze the middle dimensional cohomology, since the rest is determined by hard Lefshetz. We can define Prim N −2 l , as in [10] , to correspond to the part of the middle-dimensional cohomology not coming from Lefshetz. Following the method above, our next step is to decompose this cohomology into eigensheaves.
The natural group acting on eq 10 is easily seen to be (ζ 1 , . . . , ζ N ) ∈ (µ N ) N ζ wi i = 1 /∆ where ∆, as before, is µ N embedded diagonally. This has character group (Z/N Z) 0 / W , where we abuse notation by considering W as a class in (Z/N Z) 0 . We will write an element of (Z/N Z) 0 / W as either v mod W or simply [v] and define Prim N −2 l, [v] in a similar manner to before.
Suppose now that we have fixed some W . The main challenge in applying the methods to this paper to show that the zeta function of the family (10) is meromorphic will be showing that Prim N −2 l, [v] is automorphic for each v. Since this will rely, in the final analysis, on the application of a lifting theorem, we will certainly require that Prim N −2 l, [v] has distinct Hodge numbers for all v. This, unfortunately, will never happen except in the cases already considered.
2 It is worth remarking that even if this were not an obstacle, the N = 7 case also has a piece of the cohomology with a repeated Hodge-Tate number. 
